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Abstract
In the slowing-down of heavy ions in materials, the standard desription by Lindhard and Scharff assumes the electronic
stopping cross section to be proportional to the projectile speed v up to close to a stopping maximum, which is related
to the Thomas-Fermi speed vTF . It is well known that strict proportionality with v is rarely observed, but little is known
about the systematics of observed deviations. In this study we try to identify factors that determine positive or negative
curvature of stopping cross sections on the basis of experimental data and of binary stopping theory. We estimate the
influence of shell structure of the target and of the equilibrium charge of the ion and comment the role of dynamics
screening.
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1. Introduction
In the characterization of the slowing down of ions
in matter it is customary to talk about the velocity-
proportional regime, when the projectile speed v lies well
below the Thomas-Fermi speed vTF D Z2=31 v0, where Z1
is the atomic number of the projectile and v0 the Bohr
speed [1]. This classification, proposed by Lindhard and
Scharff [2], is one of the corner stones in the theory of ion
implantation [3] and ion-beam-induced radiation effects
[4].
The assertion of approximately velocity-proportional
electronic stopping is supported by evidence from range
measurements, although deviations from strict propor-
tionality are well known: Fastrup et al. [5] parameter-
ized measured electronic stopping cross sections in the
velocity regime around v0 by a power law, S / Ep,
where E is the ion energy and p a coefficient depen-
dent on the ion-target combination that may differ notice-
ably from 0:5. Moak and Brown [6, 7] found stopping
cross sections for heavy ions linear in v at velocities well
above v0, but when extrapolated to lower speeds, those
straight lines pointed at an apparent nonvanishing thresh-
old velocity. Empirical tabulations of stopping cross sec-
tions [8, 9] show significant deviations from velocity-
proportional stopping.
The assumption of velocity-proportional electronic
stopping draws support from numerous theoretical stud-
ies initiated by Fermi and Teller [10], Lindhard [11, 12]
and Firsov [13, 14]. Strictly speaking, these theoretical
schemes imply ion speeds significantly below the lowest
electron speed in the target material or, roughly spoken,
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v  v0. General theoretical arguments suggesting to ex-
tend this regime up to near the Thomas-Fermi speed have
not been proposed to our knowledge. This is remarkable
in view of the fact that the ratio vTF=v0 can be as high as
 20 for heavy ions.
Recently, Lifschitz and Arista [15] asserted the obser-
vation of an apparent velocity threshold to be a conse-
quence of dynamical screening and increasing equilib-
rium charge. In an attempt to theoretically reproduce ex-
perimental results by Brown and Moak [7], an apparent
threshold was indeed found when stopping cross sections
calculated for higher energies were extrapolated to lower
energies. Calculations were performed for Br, I and U
ions in C. While this work is interesting, it raises several
questions:
 Is the behavior observed by Brown and Moak typical
for heavy-ion stopping?
 Why do the calculations by Lifschitz and Arista over-
estimate measured stopping crosss sections, even
though not all contributions to stopping are taken
into account in the calculations?
 What is the role of the target shells?
The matter is important in our opinion both from a prac-
tical and a fundamental point of view. Measured stop-
ping cross sections in the low-energy range are only avail-
able for a small fraction of all ion-target combinations
.Z1; Z2/, and the scatter between different data sets is sig-
nificant and occasionally dramatic. Tabulations are based
on interpolation [8, 9], for which the use of guiding prin-
ciples such as reciprocity [16, 17] is desirable.
In the present work we first try to extract general fea-
tures from available experimental data. Instead of dis-
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cussing apparent thresholds – which, to our knowledge,
never have been asserted to represent real thresholds –
we shall talk about deviations from velocity-proportional
stopping in terms of positive or negative curvature. Lif-
schitz and Arista found that in a linear-linear plot versus
speed, stopping cross sections follow an S-shaped curve
starting with a linear portion at the low-v end, followed
up by an interval with positive curvature, a quasilinear
regime and, finally, a bend-over to negative curvature to-
wards the stopping peak.
Following up on this we perform calculations with our
PASS code that implements binary stopping theory [18] to
study primarily the effects of target shells and ion charge
on the curvature of the stopping cross section.
2. Experimental Findings
Figure 1 shows experimental data by Brown and Moak
[7] – which formed the basis for the analysis by Lifschitz
and Arista [15] – plotted together with other data for Br,
I and U ions penetrating through C. The case of Br (up-
per graph) shows a rather consistent behavior of four data
sets. The low-energy data by Hvelplund [19] are consis-
tent with velocity proportionality, the bend-over toward a
higher slope is covered by Zhang et al. [20]. Those data
agree with Brown and Moak in the overlap regime. The
latter data bend over toward negative curvature, where
they are consistent with Anthony [21].
For iodine ions the scatter between data sets is larger
than in Br-C at all energies. Nevertheless, despite the ab-
sence of low-v data it is clear that a behavior similar to
Br-C must be expected. Uranium ions show a similar be-
havior, although the change in slope at v=vTF ' 0:2 ap-
pears more abrupt than what has been found in the two
former cases.
Figure 2 shows two combinations with Al as a target.
For I-Al (upper graph) different conclusions can be drawn,
dependent on which data are trusted: The data of Zhang et
al. [20] together with those of Anthony and Lanford [21]
resemble the Br-C case in figure 1. Conversely, the data
of Bridwell et al. [22] indicate a linear velocity depen-
dence up to the turn-over to negative curvature. For Au-Al
(lower graph), existing data seem too scarce to allow con-
clusions without reference to theory or scaling relations.
Figure 3 shows ion-target combinations where no evi-
dence is seen for a positive curvature. For H-C, actually
a negative curvature is observed. For Cl-C and Ar-C a
straight-line dependence is found up to v=vTF ' 0:6,
although there is considerable scatter in the case of Ar-
C. This upper limit fits into the trend seen in figure 1.
For Kr-C, a linear dependence can be extracted up to
v=vTF  0:4, although data are missing in the interval
between v=vTF ' 0:1 and 0.3.
As a result of this preliminary survey we may conclude
that there are significant deviations from the behavior of
the data by Brown and Moak, both in competing data on
the same ion-target combinations and on other ion-target
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Figure 1: Color on screen. Measured stopping forces of C on Br, I
and U ions, compiled by Paul [9]. Original data from refs. [7, 19–
21, 21–29]. Dotted and stippled straight lines represent extrapolations
from experimental data. Abscissa variable is the Thomas-Fermi speed
vTF D Z2=31 v0.
combinations. In view of incomplete coverage with data,
theory is needed to arrive at more definitive conclusions.
3. Nuclear Stopping
It appears essential at this point to discuss the role of
nuclear stopping. Figure 4 shows nuclear and electronic
stopping cross sections for I-Al according to refs. [3, 8].
It is seen that the contribution of nuclear stopping to the
total stopping force is almost negligible in the quasi-linear
velocity range above v=vTF  0:15, whereas this contri-
bution is dominating below v=vTF < 0:05.
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Figure 2: Color on screen. Same as figure 1 for I-Al and Au-Al. Original
data from [20–22, 24, 25, 30–32].
In a previous study [44] it was pointed out that cor-
rections for nuclear stopping were performed in different
ways by different authors and, with very few exceptions,
insufficiently documented. There are at least two major
uncertainties:
 Nuclear energy loss is accompanied by angular de-
flection. For a narrow detection angle the effec-
tive nuclear stopping cross section will, therefore, be
smaller than the full nuclear stopping cross section
[5].
 Interatomic potentials and, hence, nuclear stopping
cross sections involving very heavy ions, are poorly
known.
For heavy ions, when the ion mass exceeds the target
mass, angular deflection is a weak effect, so that the cor-
rection for nuclear stopping will come close to the full nu-
clear stopping cross section. As far as the contributions in
figures 1-3 are concerned, corrections for nuclear stopping
have been applied by the authors of refs. [6, 7, 19, 22]. In
refs. [20, 21], such corrections were not mentioned and
presumably not performed. This suggests that electronic
stopping cross sections of Zhang et al. [20] are smaller
than the total stopping cross sections shown in figure 2.
For the data from ref. [21] the correction is presumably
quite small. The remaining experimental data in figures
1-2 are barely affected by nuclear stopping.
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Figure 3: Color on screen. Same as figure 1 for H and Cl in C. Original
data from [5, 26, 27, 33–43]. Listing of proton references in ref. [9].
4. Comparison with Theory
We find it appropriate to mention that the behavior
found by Brown and Moak [7] is by no means unusual.
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Figure 4: Color on screen. Calculated electronic and nuclear stopping
cross sections for iodine in aluminium. Evaluated from [3] except for
curves labeled SRIM [8].
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Figure 5: Color on screen. Stopping cross section of a harmonic-
oscillator atom for a point charge in the first Born approximation ac-
cording to ref. [45]. Abscissa unit v1 D
p„!=2m. Ordinate unit
1=C D 8Z21e4=„!0.
It is, in fact, representative of the acknowledged standard
in this field, the Bethe theory. Figure 5 shows the stop-
ping cross section of a harmonic-oscillator atom (reso-
nance frequency !0) for a point charge, calculated in the
first Born approximation by Haagerup and one of us [45],
including all shell corrections but excluding projectile ex-
citation, charge exchange and screening.
Unusual here is only the plot, which focuses on a
velocity region where the first Born approximation is
not very accurate, since it ignores Barkas-Andersen and
other higher-order effects. There is a distinct quasi-linear
regime in the velocity range 0:5v1 . v . v1, pointing
at an apparent threshold 0:5v1, and an effective thresh-
old at  0:4v1, with v1 D
p
„!0=2m. For orienta-
tion we also have included the standard Bethe formula,
S D .4Z21e
4=mv2/ ln.2mv2=„!0/, which ignores the
shell correction and, therefore, indicates a real threshold.
Thus, the main reason for asking the questions in the
introduction is the fact that the starting point of Brown
and Moak was the Lindhard-Scharff formula rather than
the Bethe theory.
The analysis of Lifschitz and Arista [15] is based on a
0
20
40
60
0 0.2 0.4 0.6 0.8 1.0
Hvelplund 68
Zhang 02
Brown & Moak 72
Anthony 82
PASS-Shima
PASS-Schiwietz
Lifschitz 13
PASS-TF
Br - C
v/vTF
-
dE
/d
x 
[M
e
Vc
m
2 /m
g]
0
20
40
60
80
100
0 0.2 0.4 0.6 0.8 1.0
TEC 13
Abdessalam 92
Knyazheva 06
Anthony 82
Bridwell 67
Brown & Moak 72
PASS-Shima
PASS-Schiwietz
Lifschitz
PASS-TF
I - C
v/vTF
-
dE
/d
x 
[M
e
Vc
m
2 /m
g]
0
50
100
150
200
0 0.2 0.4 0.6 0.8 1.0
Brown 72
Pape 78
Geissel 98
Bimbot 80
Geissel 82
PASS-Shima
PASS-Schiwietz
PASS-TF
Lifschitz 13
U - C
v/vTF
-
dE
/d
x 
[M
e
Vc
m
2 /m
g]
Figure 6: Color on screen. Experimental data from figure 1 compared
with calculations by PASS for three different expressions for the equi-
librium charge state, eq. (1), [46] and [47]. The curves labeled ‘Arista’
are quoted from ref. [15]. Straight dotted lines represent an inter- or
extrapolated linear velocity dependence near v D 0.
code developed in refs. [48–50] which treats stopping as
a quantal scattering problem between a screened ion and
a free target electron.
The present theoretical analysis is based on binary stop-
ping theory [51] as implemented in the PASS code [18].
Binary stopping theory is a modification of Bohr the-
ory [52], allowing for shell and Barkas-Andersen correc-
tions, projectile screening and projectile excitation, with
input from electronic binding energies and dipole oscil-
lator strengths. An inverse-Bloch correction is applied to
extend the range of the theory into the Bethe regime, but
this correction is not important within the parameter space
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Figure 7: Color on screen. Same as figure 6 for Cl and Ar on carbon.
Calculations from PASS. Dotted lines represent straight-line fits to ex-
perimental data.
covered here1.
1An exception is the case of proton stopping, cf. figure 3, upper graph
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Figure 8: Color on screen. Same as figure 6 for gold and iodine ions in
aluminium.
Options used in the present work are identical with
those applied in ref. [1] with the exception that several ex-
pressions were adopted for the mean equilibrium charge,
unlike in ref. [1], where we relied exclusively on what we
call the standard Thomas-Fermi expression
q D Z1
h
1   e v=vTF
i
: (1)
Figure 6 shows the data from figure 1 in conjunction
with three results based on binary theory as well as those
reported in ref. [15]. The results from binary theory
(PASS code) differ solely in the adopted mean equilibrium
charge, i.e. expressions from [46] and [47] in addition to
eq. (1). It is seen that within the nominal range of validity
of the binary theory, for v > v0, all but two experimental
data points lie between the predictions of the PASS code
for Thomas-Fermi and Shima charge functions, respec-
tively. Results based on the charge function from ref. [47]
almost coincide with those found for Shima-charges. In
earlier work concentrating on lighter ions [18] we found
only a minor influence of the charge function on the stop-
ping cross section. It is evident that the difference in-
creases notably from Br to U ions, in agreement with ref.
[53].
It is seen that the results of Lifschitz and Arista [15]
lie close to those found by the PASS code with the Shima
which, however, will not be analysed theoretically.
5
or Schiwietz charge function. The three Lifschitz curves
show a rather abrupt change in slope at v=vTF  0:1.
This seems to match the experimental data in that velocity
range very well, especially for Br-C, but tends to overes-
timate both magnitude and slope at higher velocities.
Figure 7 shows similar graphs for Cl, Ar, Kr and Xe
in carbon. In accordance with previous conclusions [18],
stopping cross sections for Cl and Ar are only weakly de-
pendent on the charge function. Also for Kr and Xe ions
the experimental data – which show considerable scatter –
lie close to the arithmetic mean between the curves found
for Thomas-Fermi and Shima-Schiwietz charge.
Figure 8 shows reasonably good agreement between the
aluminium data from figure 2 and standard PASS calcula-
tions adopting Thomas-Fermi charge states, eq. (1). No
calculations have been reported in ref. [15] for these sys-
tems nor for those in figure 7.
PASS results for Thomas-Fermi charge suggest the
stopping maximum to lie close to v=vTF D 0:7. This
is consistent with the majority of the experimental data
shown in the graphs, taking due account of the scatter.
Conversely, PASS calculations with Shima or Schiwietz
charge predict the stopping maximum do decrease slowly
from v=vTF D 0:7 to  0:5 for Z1 going from 17 to 92.
5. Analysis
Velocity-proportional stopping is expected whenever
v  ve, where ve is a representative speed of a target
electron2. Therefore, an initial slope in a stopping plot can
be defined from a given theory, and from this we can judge
whether curves bend upward or downward from there.
We see two obvious reasons why stopping cross sec-
tions may show a positive curvature after an initial
straight-line behavior,
(I) Increasing contributions from inner target shells,
(II) Increasing ion charge.
In addition, Lifschitz and Arista [15] point at
(III) Variations in dynamic screening.
We look at these aspects separately.
5.1. Shell Effects
Figure 9, upper graph, shows the Thomas-Fermi stop-
ping force for the Br-C system separated into contribu-
tions from three target shells (1s,2s,2p) as well as pro-
jectile excitation, electron capture and loss (PE). Also in-
cluded are straight lines matched to the initial slope.
As was to be expected, the contribution from 2p elec-
trons dominates over the entire velocity range covered by
2Apparent threshold behavior observed in distinct collision systems
primarily for proton bombardment [54, 55] is outside the scope of the
present paper.
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Figure 9: Color on screen. Upper graph: Calculated stopping force for
Br in C separated into contributions from three target shells and projec-
tile excitation, capture and loss (PE). PASS code, Thomas-Fermi charge
eq. (1). Dashed lines extrapolated from initial slope. Lower graph: Par-
tial sum 2s+2p compared with total.
the graph, but the ratio S2s=S2p rises from 0.3 at the low-
v limit to 0.6 around the maximum.
Apart from this, the contributions from the target shells
show a positive curvature which point at effects like (II)
and (III) in the above classification. However, the PE con-
tribution shows negative curvature which roughly com-
pensates for the positive curvature of the leading target
shell.
In the study of Lifschitz and Arista [15] the target was
described as a homogeneous electron gas, and projectile
excitation, electron capture and loss were ignored. The
lower graph of figure 9 shows that this approximation,
when implemented in the PASS code, together with the
neglect of the 1s shell, gives rise to a slightly ( 20%) lower
stopping cross section in the maximum. At the same time,
a factor-of two underestimate of the initial slope is found.
We assert that the neglect of projectile excitation, i.e., a
contribution with a negative curvature, is the main reason
for the excessively sharp rise of the stopping cross sec-
tions reported by Lifschitz and Arista [15].
Figure 10 shows a similar analysis for I-Al. A pro-
nounced positive curvature is found for energy loss to
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Figure 10: Color on screen. Same as Figure 9 for ionide in aluminium.
The lower graph zooms on the regime v=vTF < 0:2 and includes
straight-line extrapolations (thin solid lines).
3s+p electrons. This is, however, efficiently counteracted
by a negative curvature in the contribution from projec-
tile excitation. The result is quite close to a straight line
through the origin.
5.2. Ion Charge
Expressing the stopping force by the stopping cross
section S we may write
 
dE
dx
D NS D NS.q; v/jqDq.v/ ; (2)
where S.q; v/ represents the velocity dependence of the
stopping cross section at a frozen ion charge q, and q.v/
the equilibrium charge as a function of v. We may then
look at the quantity
dS
dv
D
@S.q; v/
@v
ˇˇˇ
ˇ
qDq.v/
C
@S.q; v/
@q
dq.v/
dv
: (3)
The matter is illustrated in figure 11 for Br-C. The upper
graph shows frozen-charge stopping forces. All of them
show an initial linear dependence, followed up by a more
or less pronounced regime of negative curvature.
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Figure 11: Color on screen. Variation of the stopping force with ion
charge for BR-C, calculated by PASS code, Thomas-Fermi charge eq.
(1) assumed. Upper graph: Frozen-charge stopping force for q D
0; 2; 4; 6; 8; 10 including projectile excitation. Variation of equilib-
rium stopping force split according to eq. (3), where the first term is
labelled ‘frozen charge’ and the second ‘effect of charge variation’.
In the lower graph the two contributions making up eq.
(3) are shown separately. The variation of the ion charge
yields a monotonically increasing contribution, resulting
in a positive curvature of the stopping force. The variation
with v of the frozen-charge line shows ups and downs, in-
dicating positive and negative curvature. The total result,
however, shows a slope determined predominantly by the
variation of the ion charge. Thus, apart from a quasilinear
behavior around 0:15 . v=vTF . 1:9 this graph indicates
positive curvature due to the variation of the ion charge up
to v=vTF ' 0:3.
5.3. Screening
Figure 12 shows a comparison between the stopping
force for Br-C reported by Lifschitz and Arista [15] and
two results from the PASS code. In order to ensure a fair
comparison, PASS results ignore excitation of 1s target
electrons as well as projectile excitation. The relevant
charge state for comparison is the one by Schiwietz and
Grande [47]. The standard Thomas-Fermi charge has only
been included to mark the difference.
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Figure 12: Color on screen. Stopping force for Br-C reported in ref. [15]
compared to results from PASS for target excitation/ionization of 2s and
2p shells, projectilie excitation and electron capture and loss ignored.
Dotted lines extrapolated from the low-v behavior.
We find complete agreement between the curve from
ref. [15] and the PASS result for Schiwietz charge up to
v=vTF . 0:15. This regime extends noticeably above the
low-v (velocity-proportional) regime specified by dotted
straight lines. For 1:5 . v=vTF . 2:0 we find a regime
of slightly increased curvature in the result from ref. [15].
This is likely to indicate a difference in the screening func-
tons used in the two models. There is also a difference
between the two schemes in the way how scattering cross
sections are calculated – classically or quantally – but that
difference is known to show up most prominently at the
low-v end.
Differences between the screening functions underly-
ing the two schemes are specified in Appendix A. At this
point we note that figure 12 shows that the practical con-
sequences of these differences are rather minor. Note in
particular that the two pertinent stopping forces differ only
by a constant for v=vTF & 0:2. There is, however, a ma-
jor difference in the underlying argument.
In the model of ref. [15], screening is a property of the
electron gas and determined by a requirement of dynamic
equilibrium in terms of a modified Friedel sum rule [48].
A weak point of this argument is the fact that unlike for the
original (static) Friedel sum rule, the question of whether
or not equilibrium actually can be achieved in the velocity
range under consideration is unsolved.
In binary theory [51], screening enters as a way to
model the effect of electron binding. The resulting de-
pendence of the mean energy loss versus impact param-
eter coincides with the Bohr theory for distant collisions
[56]. In addition to kinetic-energy transfer, binary theory
also takes into account potential-energy transfer, which is
ignored in the model of ref. [15].
In other words, in the form applied in the present study,
binary theory models stopping in a sequence of ion-atom
collisions3, and dynamical screening has been excluded
3An exception is the case of aluminium, where 3s+p electrons are
as a contributing feature. Dynamic screening could be
introduced as an additional effect, but that has not been
done here.
6. Discussion
Returning to the questions asked in the introduction we
reiterate that velocity-proportional stopping is not a gen-
eral feature supported by theoretical evidence for v & v0.
This has also been concluded by Lifschitz and Arista [15].
While experimental evidence is somewhat ambiguous,
theory points into the following classification of a stop-
ping cross section into the regimes,
 An initial regime of velocity proportional stopping,
typically4 v  v0,
 A regime of positive curvature caused by decreas-
ing significance of atomic binding and increasing ion
charge,
 This increase is strengthened by increasing contribu-
tions from inner target shells but weakened by de-
creasing significance of projectile excitation,
 There must be a turning point toward negative cur-
vature. In view of the number of pertinent factors, a
regime of almost zero curvature is feasible but not a
general phenomenon.
 A possible influence of dynamic screening, empha-
sized by Lifschitz and Arista [15] is rather small, of
the order of the difference between the curve marked
by triangles and the one marked by circles in figure
12.
 Despite the neglect of the inner target shell and pro-
jectile excitation, estimates in ref. [15] overestimate
experimental stopping forces. This is likely to indi-
cate weaknesses in the employed screening radii.
Appendix A. Details on Screening
In the PASS code, screening functions enter classical
scattering integrals governing the scattering of target elec-
trons on a partially-stripped projectile ion. The PASS
code operates with a potential
V.r/ D  
q1e
2
r
e r=aad  
.Z1   q2/e
2
r

 r
a

; (A.1)
where aad D v=! is the adiabatic radius, ! the resonance
frequency of the respective shell, a an effective screening
radius defined by
1
a2
D
1
a2ad
C
1
a2sc
; (A.2)
modeled as a Fermi gas
4As noted previously, the question of threshold behavior is left open
here.
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asc D aTF

1  
q1
Z1

; (A.3)
and aTF D 0:8853a0=Z1=31 the Thomas-Fermi screening
radius of a neutral atom. We operate with either Thomas-
Fermi or Moliere screening functions for .r=a/.
In ref. [15], screening functions enter the Schro¨dinger
equation and differ from eq. (A.1) in two respects:
 In the first term on the right-hand side, the screening
radius is determined by the requirement of neutrality,
an extended Friedel sum rule [48].
 The second term on the right-hand side is assumed
velocity-independent.
While the requirement of neutrality remains to be proven,
we question the neglect of a velocity dependence in the
second term: Dynamic screening applies to all moving
charges, not only the nucleus but also its screening cloud.
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